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Introduction
Let K be an imaginary quadratic field with discriminant d K and ring of integers O K . Let f be an integral ideal of O K and denote by Cl(f) the ray class group of O K (mod f), with K f the corresponding ray class field over K. By class field theory, there is a natural isomorphism
induced by the Artin symbol. For each non-trivial character χ of Cl(f), the Hecke L-series L(s, χ) extends to an entire function. In this paper, we will investigate the transcendental nature of the numbers L (1, χ) as χ ranges over non-trivial characters of Cl(f).
We first consider the case f = f = O K . The case when f = O K was dealt with in our earlier paper [3] using different techniques. In this situation also, complex conjugation acts on the ray class group and on the group of ideal class characters.
We denote by Cl(f)
+ and Cl(f) + , respectively, a set of orbit representatives under this action.
Our main theorem is 
As in [3] , one can show that this extends to an entire function if and only if
In this setting, we can speak of the value L(1, f) and discuss its nature. The consideration of this series can be thought of as the K-analogue of the L-series introduced by Chowla [2] for the rational number field case (to be discussed in detail below). Since any such function f can be written as a linear combination of characters of Cl(f) and condition (1) implies that only non-trivial characters are involved, it is immediate that we have the following corollary.
As remarked above, in an earlier paper [3] , we discussed the case f = 1 and proved that the special values L(1, χ) are linearly independent over Q as χ ranges over the non-trivial characters of the ideal class group (modulo the action of complex conjugation). The case when f = 1 requires a different treatment than the one used in [3] since the methods there do not directly lead to the results of this paper. The situation when f = f is one we relegate to a future paper. However, some of the methods of this paper can be applied to give some information in the general case too. Here are a few results in this direction. 
Presumably, L(1, χ) is always a transcendental number. We are unable to show this. The value can be shown to be equal to π times a Q-linear form of logarithms of algebraic numbers. Establishing the transcendence of such expressions is, at present, slightly beyond the reach of transcendental number theory.
As will be seen below, the transcendence of L(1, χ) is a consequence of Schanuel's conjecture. This conjecture states that if x 1 , ..., x n are linearly independent numbers over Q, then the transcendence degree of the field
is at least n. Although some progress has been made on some special cases of this conjecture, it is far from being proved. However, what we need is a "weaker" version of this conjecture. Baker's theorem asserts that if α 1 , ..., α n are algebraic numbers so that log α 1 , ..., log α n are linearly independent over Q, then they are linearly independent over Q. Schanuel's conjecture implies that
are algebraically independent if they are linearly independent over Q. It is this assertion (or more precisely, a weaker version of it) that is needed to deduce that L (1, χ) is itself transcendental whenever χ is a character of the ray class group of K.
These results have several applications. The first is to establish transcendence of certain Petersson inner products. The second is to special values of Artin L-series attached to S 3 extensions of Q. We state these results below. We record the following application to special values of certain non-abelian Lseries.
Theorem 4. Let K be an imaginary quadratic field and f an ideal of the ring of integers of K. For each non-trivial character χ of Cl(f), let f χ be the classical normalized Hecke eigenform such that L(s, χ) = L(s, f χ ). Suppose that

Theorem 5. Let M/Q be a Galois extension with Galois group D 2n , the dihedral group of order 2n. Let ψ be an irreducible character of D 2n of degree = 1 and L(s, ψ) the Artin L-series attached to ψ. Then L(1, ψ)/π is transcendental.
Group-theoretic preliminaries
We begin with a straightforward result from group theory which is an interesting variant of Artin's theorem on the linear independence of the irreducible characters of a finite group. Proof. This is Lemma 3 of [4] and is easily deduced using the orthogonality relations.
A review of Ramachandra invariants and Baker's theory
In this section, we recall and record several results due to Ramachandra [7] that will be needed in the proof. Since f = f, complex conjugation acts on Cl(f) and we denote by Cl(f) + the equivalence classes of ideal classes under this action. We also write (z) for the real part of a complex number z. Since Cl(f) is a finite group, the character values are roots of unity.
Lemma 7.
Let f = 1 and suppose that f = f. There exist non-zero algebraic numbers A χ and multiplicatively independent units (R) (R ∈ Cl(f) Proof. This is a direct consequence of Theorems 8, 9 and 12 of [7] . In particular, the corollary on page 134 of [7] gives the multiplicative independence of the units.
In the discussion below, a pivotal role is played by the fundamental theorem of Baker concerning linear forms in logarithms. We record this as If α 1 , ..., α n ∈ Q\{0} and β 1 , . .., β n ∈ Q, then
Lemma 8.
is either zero or transcendental. The latter case arises if log α 1 , ..., log α n are linearly independent over Q and β 1 , ..., β n are not all zero.
Proof. This is the content of Theorems 2.1 and 2.2 of [1] . Let us note that here and later we interpret log as the principal value of the logarithm with the argument lying in the interval (−π, π].
In particular, if log α 1 , ..., log α n are linearly independent over Q, then they are linearly independent over Q.
Thus, an immediate application of Baker's theory of linear forms in logarithms leads to two corollaries in our context. The first is that the numbers log | (R)| as R ranges over non-trivial elements of Cl(f) + are linearly independent over Q since they are linearly independent over Q. The second is that L(1, χ)/π is transcendental for every non-trivial character χ of Cl(f).
As a further application of Lemma 8, we prove the following variant of a result from [5] . Proof. This is Lemma 9 of [4] and is easily deduced from Baker's theorem. 
